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We provide a unified semiclassical theory for the conserved current of locally nonconserved quan-
tities. The attained current vanishes and circulates in uniform and nonuniform equilibrium systems,
respectively, thus can be used to characterize the corresponding orbital magnetization and transport
of nonconserved quantities. We manifest the theory in two entirely different physical contexts: the
spin transport of Bloch electrons and the charge orbital magnetization in superconductors. Several
longstanding puzzles that enormously limit the playground of the conserved spin current of electrons
are solved, paving the way for material related studies. A Berry phase formula is established for the
orbital magnetization in unconventional pairing superconductors, consisting of both the localized
and global charge circuits of bogolons.
In condensed matter physics the current of locally non-
conserved quantities is intriguing, such as the spin cur-
rent of spin-orbit coupled Bloch electrons and the charge
current of superconducting quasiparticles (bogolon). The
conventionally defined current as the product of the non-
conserved quantity and velocity is not conserved, which
means that it is nonzero [1] and does not circulate [2],
respectively, in uniform and nonuniform systems at equi-
librium. However, there has not been a recipe for a con-
served current whose equilibrium part characterizes the
corresponding orbital magnetization and off-equilibrium
part describes transport of nonconserved quantities [3].
In spintronics research, a proposal for a conserved spin
current was attempted in [4]. Unfortunately, several most
important puzzles escape from the existing paradigm [4–
7] and severely limit the playground of the conserved cur-
rent. First, the equilibrium properties of the proposed
current cannot be touched on, hence it is unclear whether
this current serves as a genuine conserved one. Second, as
the proposed current is not represented by a bounded op-
erator, studying related transport properties is difficult:
The Einstein [3] and Mott [8] relations for this current are
hard to prove [9], and formulas amenable to both tight-
binding and first-principles calculations on spin thermo-
electric conductivities [10–13] have not appeared. Third,
the band geometric quantities that are connected to the
conserved current still remain to be unveiled.
Generally, a locally nonconserved quantity, represented
by a bounded operator sˆ, satisfies a quantum mechanical
continuity equation with a source term [4]: ∂t(Reψ
†
sˆψ)+
∇ · (Reψ†Jˆs,0ψ) = Reψ†τˆψ, with ψ(r) as a state. Here
Jˆ
s,0 = 12 {vˆ, sˆ} is the conventional s-current operator, vˆ
is the velocity, and τˆ = dsˆ/dt = −i[sˆ, Hˆ0] (set ~ = 1)
is the s-generation rate. Particularly, if the Hamiltonian
of the system, Hˆ0, is the Bogoliubov-de Gennes (BdG)
one [14] describing bogolons and sˆ is the charge opera-
tor, we are faced with the other important subject of the
charge current in superconductors. Similar to the spin-
orbit coupling breaking the spin rotational symmetry, the
pair potential ∆ in superconductors breaks the internal
rotational symmetry in electron-hole space, rendering bo-
golons charge nonconserved. The nonconserved process
involves the condensate. For instance, in isotropic s-wave
superconductors with BdG spinor ψ(r) = [µ(r), ν(r)]T ,
the source term 4e Im(∆µ∗ν) is related to the conden-
sate amplitude. How to combine such processes with the
conventional charge current to get a conserved current of
bogolons is elusive, but is vital to pursue the orbital mag-
netization, which, according to electromagnetism, is the
circulation of the equilibrium conserved charge current.
In this paper we provide a unified semiclassical the-
ory for the conserved current of nonconserved quantities.
We show that the attained current vanishes and circu-
lates in uniform and nonuniform equilibrium systems, re-
spectively. The aforementioned puzzles on the conserved
spin current of Bloch electrons are all solved. The intrin-
sic spin transport is shown to be expressed by the spin
dipole moment and Berry curvature, paving the way to
material-related studies of the conserved current. Disor-
der induced extrinsic spin transport is also illuminated by
a time-reversal odd extrinsic spin current of great inter-
est in magnetic systems. A Berry phase formula for the
orbital magnetization in unconventional pairing super-
conductors is found, which consists of both the localized
and global charge circuits of bogolons. The global cir-
cuit is due to Berry curvature, whereas the localized one
is comprised of not only a circulation of the conventional
charge current about the bogolon wave-packet center but
also the orbital magnetic moment induced by the charge
dipole moment of a moving bogolon.
General theory.—For the convenience of presentation
we describe the theory in terms of Bloch electrons. The
general formulas for the equilibrium current apply to bo-
golons as well.
We start from the local density of a bounded operator
θˆ contributed by a Bloch-electron system. An effective
way is to introduce an auxiliary Hamiltonian [2, 15, 16]
Hˆ = Hˆ + θˆ · h(r, t), where Hˆ = Hˆ0 − eE · r is the gen-
uine Hamiltonian of a crystal subjected to a weak electric
field E, and h is the slowly-varying mechanical field con-
jugate to θˆ. For instance, h is the Zeeman field if θˆ is
spin. The explicit form of h is irrelevant in this method,
2as the auxiliary term θˆ ·h is set to zero (h = 0) in the end
of the calculation [2, 15, 16]. A wave packet |Φ〉, which is
centered around a position rc and a momentum kc, can
be constructed from the eigenstates in a particular band
of Hˆ|r=rc , and its action is [17] S =
∫
dt〈Φ|i∂t − Hˆ|Φ〉.
Then one can show that, the local θ-density contributed
by a wave-packet ensemble, with the phase-space mea-
sure D and occupation function ftot, is given by [2]
θ (r) = −
∫
[dkc] drcDftot
δS
δh
|h→0. (1)
Here [dkc] ≡
∑
n dkc/ (2pi)
D
with n as the band index
and D as the spatial dimensionality. ftot = f+δf , where
f is the Fermi distribution, and δf is related to scattering
[8]. Our general discussion focuses on f while the effects
of δf will be discussed later mainly for spin transport
of Bloch electrons. In the following, we omit the center
label c and the label h→ 0, unless otherwise noted.
Introducing the auxiliary h field allows for defining the
quantum geometric tensor in the (k,h) parameter space:
Qkh = 〈∂ku|[1−|u〉〈u|]|∂hu〉 = Gkh−
i
2Ωkh, whose imag-
inary and real parts are the corresponding Berry curva-
ture and quantum metric, respectively [18, 19]. What is
relevant here is limh→0Qkih ≡ Q
iθ = Giθ − i2Ω
iθ, where
Ωiθn = −2 Im
∑
n1 6=n
vinn1θn1n/ω
2
nn1 ,
Giθn = Re
∑
n1 6=n
vinn1θn1n/ω
2
nn1 , (2)
with vinn1 = 〈un|vˆ
i|un1〉, θn1n = 〈un1 |θˆ|un〉, and ωnn1 =
εn−εn1 . Here |un〉 is the periodic part of the Bloch wave
of Hˆ0 with energy εn. Note that only for nonconserved
operators θˆ can Qiθ be nonzero.
Besides Ωiθ and Giθ, there is the other band-structure
determined quantity pertaining to nonconserved opera-
tors, namely the θ-dipole moment (symmetrization be-
tween non-commuting operators is implied henceforth)
diθn = 〈Φ0| (rˆ − rc)
i
θˆ|Φ0〉 = Im
∑
n1 6=n
vinn1θn1n/ωnn1 (3)
on the zero-field wave packet |Φ0〉 constructed from Hˆ0.
Nonzero diθ signifies that the distribution of θ on the
spread of a wave packet is not centered at rc.
We then apply Eq. (1) to the conventional s-current
operator θˆ = Jˆs,0. Up to the first order of spatial gradi-
ents, the general expression for such bounded operators
at steady states has been obtained recently [2]:
θ =
∫
fnθn +
∫
Fl,nΩ
lθ − ∂l
∫
(fnd
lθ
n + gnΩ
lθ
n ). (4)
Here Fn = (eE −∇µ)fn − en∇T is a generalized driv-
ing force incorporating both the electric field and statis-
tical forces (∇µ,∇T ) from slowly-varying chemical po-
tential and temperature. fn = f(εn), gn = −kBT ln[1 +
e−(εn−µ)/kBT ], and en = [(εn − µ) fn− gn]/T . The nota-
tion
∫
without integral variable is shorthand for
∫
[dkc],
and summation over repeated Cartesian indices (i, l) is
implied henceforth.
On the other hand, in the case that θˆ = τˆ is the s-
generation rate we have
τ = τun − ∂iJ
iτ (5)
at steady states, where τun =
∫
fnτn +
∫
Fl,nΩ
lτ
n is the
intrinsic s-generation rate in the uniform case up to the
linear response, and J iτ is expected, according to the
continuity equation for the s density [4–7], to serve as
the s-current density (flow in i direction) arising from
the nonconservation of s. One needs to go beyond the
first order (in spatial gradients) approximation in order
to account for the linear response and magnetization cur-
rent components of this current. To this end we develop
a second order semiclassical theory [20] in combination
with the variation in Eq. (1). The result is
J iτ =
∫
(fnd
iτ
n + gnΩ
iτ
n )−
∫
Fl,nχ
ilτ
− ∂l
∫
(fnq
ilτ
n − gnχ
ilτ
n ). (6)
Two more band-structure determined quantities are in-
volved here, namely the τ -quadrupole moment
qilτn = 〈Φ0|
1
2
(rˆ − rc)
i
(rˆ − rc)
l
τˆ |Φ0〉, (7)
and the gauge invariant k-space Berry connection a lin-
ear in the gradient of the h field ∂al/∂ (∂ih) ≡ χ
ilτ :
χilτ = 2 Im
∑
n1 6=n
vlnn1d
iτ
n1n/ω
2
nn1 − ∂kiG
lτ
n . (8)
Here diτn1n, given in [22], has the meaning of the interband
τ -dipole moment.
Equations (4) and (6) demonstrate the general struc-
ture of J is,0 and J iτ . Look at the right-hand side of these
two equations, the first terms are the equilibrium compo-
nents of J is,0 and J iτ , respectively, in uniform systems,
and both are in general nonzero. The third terms take
the form of a spatial derivative and are the counterparts
of the equilibrium orbital magnetization current compo-
nent of the charge current. However, these two “mag-
netization currents” do not take the form of a curl and
hence cannot assure circulating surface currents along the
sample boundary, in contrast to the genuine orbital mag-
netization current [3]. Besides, the second terms are the
linear thermoelectric responses driven by Fn.
Now we are in a position to show the peculiarity of
the operator τˆ = dsˆ/dt of the s-generation rate. The
first important conclusion is that τun = 0 generally holds
because τˆ is a time derivative of a bounded operator. The
zero-field component of τun vanishes apparently, and to
3show the same conclusion for the linear-in-Fn component
involves only standard linear response analysis in uniform
systems with any disorder [20]. Therefore, Eq. (5) indeed
implies that one can define the total s-current density as
J
s = Js,0 + Jτ , (9)
whose component in i direction reads J is = J is,0 + J iτ .
Next, for the s-generation rate operator τˆ = −i[sˆ, Hˆ0],
generally we obtain [20]
diτn = −J
is,0
n + v
i
nsn, Ω
iτ
n = ∂kisn, G
iτ
n = d
is
n ,
χilτn = −2 Im
∑
n1 6=n
vlnn1J
is,0
n1n/ω
2
nn1 +Ω
il
nsn − ∂kld
is
n ,
qilτn = − Im
∑
n1 6=n
vlnn1J
is,0
n1n/ωnn1 + d
is
n v
l
n +m
lis
n . (10)
Here Ωiln stands for the k-space Berry curvature. Notice-
ably, we find a tensor mlisn that is antisymmetric with
respect to (i, l). It is thus a position-space pseudovector
and is given by
m
s
n =
1
2
Re
∑
n1 6=n
Ann1 × J
s,0
n1n +
1
2
d
s
n × vn, (11)
where Ann1 is the k-space interband Berry connection.
The physical meaning of this important quantity will be
explained shortly.
Conserved currents at equilibrium.—The above results
enable us to uncover two most important equilibrium
properties of the current defined in Eq. (9).
First, the equilibrium component of Js in uniform sys-
tems without driving fields is generally zero. This is a
decisive character of a genuine transport current.
Second, the equilibrium component of Js in nonuni-
form systems takes the form of a curl
J
s
eq =∇×M
s. (12)
Therefore, Js is a conserved current, as only a conserved
current is divergence-free at equilibrium and can have a
circulating magnetization current component.
By analogy to the (charge) orbital magnetization that
is essentially the circulation of the conserved charge cur-
rent, Jseq is referred to as the s orbital magnetization
current. The orbital magnetization connected to the cir-
culation of the conserved s-current reads [23]
M
s =
∫
(fnm
s
n + gnΩnsn), (13)
where Ωn is the vector form of the k-space Berry curva-
ture. If s is replaced by charge e of Bloch electrons,Ms
would reduce to the charge orbital magnetization [17].
To see the orbital nature of Ms for non-conserved s, we
take a closer look at the structure ofmsn [Eq. (11)]. The
first term of msn is equal to
1
2 〈Φ0| (rˆ − rc) × Jˆ
s,0|Φ0〉,
which is the antisymmetric part of the dipole moment
of Js,0 and means the circulation of the conventional s-
current due to the self-rotational motion of a wave packet
around its center position. On the other hand, the second
term of msn implies remarkably that the center-of-mass
motion of a wave packet with a finite s-dipole moment
can induce a s-orbital magnetic moment. This term is
thus reminiscent of the phenomenon in electromagnetism
that a moving charge dipole moment results in a charge
orbital magnetic moment.
Transport in terms of conserved currents.—The ther-
moelectric response of the conserved s-current reads
J is = σils(El − ∂lµ/e)− α
ils∂lT, (14)
where
σils = e
∫
fn(Ω
li
nsn + ∂kld
is
n ),
αils =
∫
en(Ω
li
nsn + ∂kld
is
n ). (15)
We thus establish explicitly the Onsager relation be-
tween σils/αils and the transport charge/thermal cur-
rent driven by the gradient of the field conjugate to s
[24]. The Einstein and Mott relations for the conserved
s-current are also ensured.
The other important feature of Js in transport is that,
in insulators the dissipationless linear response of Js to
the electric field is of purely Hall type. To avoid confu-
sion, we assume s is a scalar without loss of generality.
In insulators σils = e
∫
Ωlinsn is antisymmetric. The cor-
responding Hall conductivity pseudovector is given by
J
s = E × σsH , σ
s
H = −e
∫
Ωnsn. (16)
Moreover, in insulators with an applied uniform magnetic
field B the total s-density is given by s =
∫
Dnsn, with
Dn = 1−eB ·Ωn as the Berry curvature modified phase-
space measure [17]. Thus a generalization of the Streda
formula [5, 25] is valid for the conserved s-current:
∂s
∂B
= e
∂Ms
∂µ
= σsH . (17)
Differing from the case of charge current, the first equal-
ity is not connected to any Maxwell relation.
We have thus completed the general theory, which will
be applied to two entirely different physical contexts in
the following.
Spin transport of Bloch electrons.—In this context sˆ
and τˆ are respectively the spin and torque operators,
and Eqs. (9) – (15) solve all the problems mentioned in
the beginning. In particular, Eq. (15), which expresses
spin thermoelectric conductivities by the spin dipole mo-
ment and k-space Berry curvature, is readily evaluated in
the context of a k-space electronic-structure code, paving
4the way to material-related studies of the conserved spin
current. Moreover, we unveil that, even if the considered
spin component is not conserved, the spin conductivity in
insulators is of Hall type, a characteristic that is beyond
general symmetry analysis of response tensors.
There is an alternative instructive way to access the
E-field induced conserved spin current J is = J is,0+J iτ .
J is,0 can be decomposed into (in our notations) [26]
J is,0 =
∫
fn[v
i
nsn + eEl(v
i
nΩ
ls
n − Ω
il
nsn + ∂kld
is
n )− d˜
iτ
n ],
where d˜iτn is the E-field modified torque-dipole moment.
We stress that, in contrast to the previous understand-
ing, the torque-dipole spin current J iτ is not simply the
statistical sum of d˜iτn , namely J
iτ 6=
∫
fnd˜
iτ
n , due to the
presence of Berry curvature related corrections [2]. In
fact, up to the linear order of the E field, we find
d˜iτn = d
iτ
n − eEl(χ
ilτ
n − v
i
nΩ
ls
n ), (18)
while the torque-dipole density J iτ is given by the first
line of Eq. (6). Gathering these results we reproduce the
E-field induced conserved spin current.
Our theory also sheds light on disorder induced effects
on spin transport in terms of Js in metals. Again, the un-
boundedness of the effective operator d(rˆsˆ)/dt for Js [4]
hinders pertinent research, which involved only nonmag-
netic Rashba-type models [7]. While the spin currents in
these models are time-reversal even, there is increasing
interest in the time-reversal odd spin current in magnetic
systems [27, 28]. This sort of current stems from the E-
field driven off-equilibrium occupation function δfn, and
reads δJ is,0 =
∫
δfnJ
is,0
n and δJ
iτ =
∫
δfnd
iτ
n for the
conventional and torque-dipole spin currents [29], respec-
tively. Thus the result for the conserved spin current is
unexpectedly simple:
δJ is = δJ is,0 + δJ iτ =
∫
δfnv
i
nsn. (19)
δfn is determined by the conventional Boltzmann equa-
tion eEl∂klfn =
∫
[dk′]Pnn
′
kk′
(δfn′k′−δfnk), where P
nn′
kk′
is
the Born scattering rate [8]. According to the analysis in
[27], δJ is can have transverse components in noncollinear
antiferromagnets even without spin-orbit coupling (the
magnetic order renders spin nonconserved).
Orbital magnetization by bogolons.—Before discussing
the orbital magnetization, brief remarks on the under-
lying theory could be helpful. As the BdG equation is
of Schrodinger type, the semiclassical theory for bogolon
wave packets constructed from BdG bands can be formu-
lated similarly to that for electrons [30]. This theory can
accommodate slowly-varying perturbations whose length
scales are much larger than the superconducting coher-
ence length. The nonlocal pair potential is treated in the
continuum limit in our consideration, but may also be
dealt with assuming a more general periodic form [30].
To confirm the utility of the semiclassical theory, we show
in [20] that it readily leads to the quantum thermal Hall
and spin quantum Hall (quantized spin conductivity in
response to a Zeeman gradient) effects predicted by field-
theoretical methods in chiral d+ id superconductors [31].
In what follows we assume intraband spin-singlet pair-
ing without spin-orbit coupling for illustration. Given
that the charge operator in the 2 by 2 BdG formalism is
simply e times the third Pauli matrix σˆz in the electron-
hole space [30]: sˆ = eσˆz , the orbital magnetization, ac-
cording to Eq. (13), reads
M =
∫
(fnmn + egnΩnρn). (20)
Here and hereafter we omit the superscript s in charge
current related quantities. ρn = σ
z
n = |µn|
2
−|νn|
2
= σρ0η
is the charge (eρn) carried by a bogolon, for which the
band index n = (η, σ), with η and σ = ± denoting the
Bloch and Bogoliubov bands, respectively. [µnk, νnk]
T is
the Bogoliubov wave function, ρ0η = ξη/|εησ|, ξη is the
energy of electron relative to its chemical potential, and
εησ = σ
√
ξ2η +
∣∣∆η∣∣2. The orbital moment is
mn =
1
2
Re
∑
n1 6=n
Ann1 × J
0
n1n +
1
2
dn × vn, (21)
where
dn = eRe
∑
n1 6=n
Ann1σ
z
n1n =
e
2
[(ρ0η)
2 − 1]∂kθη (22)
is the charge dipole moment of a charge nonconserved bo-
golon wave packet, with θη = arg∆η being the phase of
the superconducting gap function in k-space. This charge
dipole is a basic property of bogolons in unconventional
pairing superconductors, and has also been identified re-
cently from a different method [32].
The orbital magnetization [Eq. (20)] is interpreted as
a sum of the localized and global charge circuits of bo-
golon wave packets. The first term of mn is the circula-
tion of the conventional charge current Jˆ0 = 12 {vˆ, eσˆ
z}
about the wave-packet center, whereas the second term
signifies an orbital magnetic moment induced by a trav-
elling charge dipole (this latter mechanism does not show
up for Bloch electrons since their charge center coincides
with the wave-packet center). Therefore, mn can be un-
derstood as the localized circuit accompanying a moving
wave packet. Meanwhile, the Berry curvature term inM
results from the global circuit due to the center-of-mass
motion of bogolons [33]. To see this we consider a uniform
bulk with a “soft boundary” so that the confining poten-
tial U(r) felt by the bogolon varies slowly over the coher-
ence length and then the wave-packet description is still
valid. A circulating charge current Jeq =∇×M thus ap-
pears near the boundary and reads Jeq =∇U ×
∫
Ωnρn
in the zero temperature limit.
5A vanishing orbital magnetizationM = 0 is predicted
by Eq. (20) for the case of geometrically trivial electronic
bands. In this case the bogolon is described by a particle-
hole symmetric two-band model with only Bogoliubov
band index σ = ±, where the charge dipoles are the same
for both bands but the Berry curvatures are opposite:
Ωσ = −σ∂kρ
0 × ∂kθ/2. In addition, in this simple case
the first term of mn vanishes due to the particle-hole
symmetry, or more precisely, due to ρ+ = −ρ− and ε+ =
−ε−. It is then apparent that the statistical sum of local
circuits cancels exactly the global circuit. On the other
hand, such a null result is not anticipated for the case of
geometrically nontrivial Bloch bands.
In summary, we have presented a unified semiclassical
theory for the conserved current of nonconserved quan-
tities, including but not limited to the spin current of
Bloch electrons and the charge current of bogolons. The
established formulas for time-reversal even intrinsic and
odd extrinsic linear responses of the conserved spin cur-
rent open the door to material-related studies. The idea
of studying the orbital magnetization of superconductors
based on the conserved charge current of bogolons is ex-
pected to inspire future efforts, which are not necessary
to be limited to semiclassical considerations.
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